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Abstract-In this paper, a Roe scheme for the bi-temperature magnetohydrodynamics (MHD) 
model is set up. A Roe matrix is obtained for the one-dimensional system in Eulerian coordinates. 
These results are extended to the two-dimensional case. One- and two-dimensional numerical exam- 
ples are provided, showing Roe solver efficiency. @ 2001 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
In a recent paper [l], a Roe-type scheme was introduced for the ideal MHD equations in the 
one-dimensional case, for any value of the specific heat ratio y. This work extends the initial 
improvement proposed by Brio and Wu [2] in the special case where 7 is equal to 2. The model 
considered here is different, from the ideal one since the conducting fluid is assumed to be made of 
ions and electrons, characterized by their own translational temperature. This model is of great 
interest in physical situations of thermodynamical nonequilibrium, which appears, for example, in 
plasmas generated by pulsed power generators, or even in astrophysics. Thus, the bi-temperature 
model includes the ideal MHD equations for ions and an advection equation for the electronic 
entropy. 
After the presentation of the governing equations, the construction of the Roe matrix for 
this bi-temperature model is detailed. At last, one- and two-dimensional results are provided, 
including comparisons with a higher accurate scheme. 
2. GOVERNING EQUATIONS 
The MHD equations represent the coupling of fluid dynamics equations and Maxwell electro- 
dynamics equations. If the displacement current, electrostatic forces, viscosity effects, resistivity, 
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and heat conduction are neglected, and the electron gas is assumed to have its own temperature, 
one obtains, in one-dimensional Eulerian coordinates, the conservative system 
ut + F(U), = 0, (2.1) 
with 
U = (P, P, P, pw, B,, Bz, PE*, pselT, 
F = (pu, pu2 + p*, puv - B,B,, puw - B,B,, 
B,u - Bzv, B,u - Bzw, puH* - B,(B . V), ~s,u)~ . 
(2.2) 
(2.3) 
Here, p is the ionic density, u, v, w are the three components of the ion velocity V, B,, B,, B, 
are the components of the magnetic field B, p* is the full pressure, pE* is the energy, and pH* 
is the enthalpy. In the one-dimensional space, B, is a real constant. In the above equations, the 
vacuum permittivity is assumed to be equal to 1. 
The full pressure, energy, and enthalpy are defined as follows: 
p*=,+,.+$ 
B2 
pE* = ;pV2 + PE + peg, + 2, 
P p& = - 
y-1’ 
P&e = 
Pe 
7e -1’ 
pH* = pE* +p*, 
(2.4) 
where p (respectively, p,) is the hydrodynamical ionic (respectively, electronic) pressure, and pi 
(respectively, pe.ce) is the internal energy for the ion (respectively, electron) gas. Moreover, y 
(respectively, “le) is the ion (respectively, electron) gas specific heat capacity ratio. Finally, the 
electronic entropy se is given by 
f(se) = F7 (2.5) 
where f is assumed to be a strictly increasing function. 
This system is hyperbolic and has eight eigenvalues, given in an increasing order: 
with 
and 
c; = - f ((a’)2 + J(u*)” - 4a%$ ) 
c; = f (a*y - (a*)4 -4&k; ) 
( > 
(2.6) 
(2.7) 
bz=$, b, = B, 
ID’ 
b, = B, 
Jir’ 
b’=b;+b;+b;, (2.8) 
(a*)2 = a2 + b2, 
The quantities c,, cS, cf are the Alfven, the slow, and the fast wave velocities. 
We emphasize that this system is not strictly hyperbolic: some eigenvalues may coincide, 
especially when B, = 0 or B,‘+B,’ = 0. Nevertheless, the system always remains diagonalizable. 
3. ROE CONSTRUCTION 
Let us consider a finite volume discretization, where Up is the approximate solution of sys- 
tem (2.1), consisting of piecewise constant states. Instead of computing the exact solution of 
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(2.1), the Roe method [3j consists in solving exactly the linearized Riemann problem at each 
interface separating adjacent states Up and Ui+i: 
Ut + 71 (UF, U&) F(U), = 0, 
{ 
uin, 
w?kJ = uI” 
if X < xi+1/27 (3.1) 
r+l, if 2 > xi+1/2, 
where the matrix 71 is an approximation of the Jacobian matrix of F(U) at the interface. 71 is 
built so that it has the properties 
AF = ZiaU, 
x(vi7 Ui+l> + a a~ Vi and Ui+l --t Uo, 
2 has real eigenvalues and a complete set of eigenvectors. 
(3.2) 
(3.3) 
(3.4) 
Here A(.) = (*)i+r - (*)i, F and U are given by (2.2) and (2.3). 
4. A ROE MATRIX FOR THE 
EULERIAN BI-TEMPERATURE MODEL 
Rather than building up directly the matrix 2 satisfying (3.2), two matrices B and c can be 
sought so that 
AF = ~AQ and Au = CAQ, (4.1) 
with 
Q = (P,u,v,w,B~~,B,,~,~,)~. (4.2) 
Then the matrix ?i defined by 
---_I 
?i=BC 
verifies (3.2). 
From now on, we will consider the matrix n defined by 
but simpler. 
For the following, we introduce the classical relation 
A(xy) = ?EAy + yAx, 
where f and y are the usual Roe averages: 
(4.3) 
n = ??‘-lB, similar to the matrix ?i 
(4.4) 
(4.5) 
In order to construct a Roe matrix, we use for the hydrodynamics terms the same relations 
as for gas dynamics. Besides, according to [l], we will use the following decomposition for the 
magnetic pressure jump: 
AB2 = 2XAp + 2sAB, (4.6) 
with 
. 
(4.7) 
The difficulty now is to express the electronic pressure jump. According to relation (2.5), we 
will write that 
A.f = (P-‘e), AP, + (Ye),-,%AP, (4.8) 
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Relation (4.8) is equivalent to 
sa = (6 + (I- a)6+1. 
Ap, = (YAP + /3Ase, (4.9) 
with 
(p&-a A(P) 
&=-(p-Y. & ’ (4.10) 
Hence, we seek a coefficient a such that the resulting matrix x satisfies properties (3.2)-(3.4). 
Provided these relations, we obtain the following matrices: 
B= 
Ti P 0 0 
a2+x 2m 0 0 - 
iii7 P p 0 
ETi7 if@ 0 Pi 
0 B, -B, 0 
0 B A 0 -&Z 
/JF+"~)- Bz @X-B,B, fZi+B,B, - - 
with 
0 
1 0 0 0 
E P 0 0 
B 0 P 0 
ii7 0 0 p 
0 0 0 0 
ii p 0 0 
0 B, -B, 0 
0 B, 0 -B, 
OyP 0 0 
0 y 0 0 
0 
0 0 0 0 
E?L 2 B 1 1 
-& 0 0 0 
0 -& 0 0 
Ii 0 0 0 
0 iI 0 0 
0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
1 0 0 
J-4, B, 1 I = = -- 
[ 
-2 
yP = (7 - 1)p H* - ; -&y-+. L? Ye 1 
‘1 
i 
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The determinant det(X) of the matrix n is given by 
det(X) = .Z2 z2 ( _~)(~4_~2~+~+~+~]+~~+~+~]),~ (4.11) 
with - 
S2=B;+s2+&2, Z=n-A. 
Then, a short calculation shows that the roots are real if the quantity g(a) = [X + a + yP/e] 
is positive. This expression can be rewritten 
with 
g(a)=ai,,-+o+(y-l) AF-5 ) 
( e e > 
( 
-2 
V 
ai,,-=(2-y)X+(y-l) H*-&%-T-$ 
) 
) 
(4.12) 
which is positive (see [l]). Besides, the quantity a is positive by the construction (4.10). Fi- 
nally, one can show that the only choice for a to ensure the positivity of the last term in (4.12) 
W(‘ue - 1) (P&) - ol(re - 1)l is 
fi 
a=@+/Ki. 
(4.13) 
Then it implies the following choice for a and p defined in (4.10): 
P, Ap-7~ 
7pp&T’ if pi # pi+l, 
Cr= 
ye &p-‘e-‘, otherwise, 
1 
p = j--& if (a& z (s&+rr 
1f’(&), otherwise. 
(Pe) 
(4.14) 
(4.15) 
Given such a choice for a, the resulting matrix x deduced from D by (4.3) has the following 
increasing series of real eigenvalues: 
-- ---- -- ~-~,~-cc,,u-ccs,u,u,u+~,~+cc,,u+~, 
with 
and 
z2=&2+q2+Tg2, 
pj2 =g+z2, -2_-2 a - aion + ?ii2, 
z2 = (7 - 1) 
Q being defined in (4.14). 
(4.16) 
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Figure 1. Comparison between the first-order Roe scheme and the LWLF4 scheme. 
Therefore, this choice for (Y and /I ensures that the properties (2.1)-(2.3) are satisfied, and then 
2 is a Roe matrix. 
5. NUMERICAL RESULTS 
Provided these results, a first-order Roe-type scheme can be set up. 
For the first numerical example, we choose a commonly used problem in one-dimensional MHD, 
originally introduced by Brio and Wu [2], i.e., a Riemann problem whose initial value consists 
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Figure 2. Comparison between the second-order Roe scheme and the Lax scheme. 
in two constant states Ul and U,.. The initial hydrodynamical data are the same as in the Sod 
shock tube problem: 
(P,U,O,W,By,B,,P,p,)l = ( 1 1 l,O,O,O,l,O,~,~ , . . > 
(P,U,V,‘W,B*,BL,P,.dejr = (. f,070,0,-1,09~,f * -> 
(5.1) 
Besides, B, = 3/4, y = 1.4, and ^/e = 5/3. 
The initial discontinuity is located at the middle of the 800-cell mesh.. 
Figure 1 shows the numerical solutidn at’&:= 80s with the first-or&r F(,oe ‘scheme and the 
LWLF4 scheme [4]. For each quantity, the solution includes five constant it&es separated by a 
fast rarefaction wave, a slow compound wave, a slow shock, and a fast rarefaction wave. The 
density presents a sixth constant state because this variable is discontinuous across the contact 
discontinuity. 
The two schemes give comparable results, except that the Roe scheme seems to be a little more 
accurate, especially on the contact discontinuity. Moreover, a zoom on the density around the 
compound wave shows off that the LWLF4 scheme presents oscillations that the Roe scheme does 
not give. 
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The second test problem was studied by Aslan in [5]. The initial condition is characterized by 
a large pressure jump at the interface: 
(P,U,V,u),B~,B,,P,P,)l= (1,0,0,0,1,0,500,500),. 
(p, U, u, ‘w, B,, B,,p,p,), = (0.125,0,0,0, -l,O, 0.05,0.05). (5.2) 
Moreover, B, = 0, y = 1.4, and 7e = 5/3. 
In order to improve accuracy, a second-order scheme was set up thanks to the classical Yee lim- 
iter [6]. Numerical results are provided in Figure 2 at t = 5s, compared with the Lax Friederichs 
scheme on a grid of 800 points. The second-order Roe scheme turns out to be sufficiently robust 
to handle the large initial pressure jump, and much more accurate. ‘Besides, a mesh refinement 
study with the 8000 points Lax scheme proves that the two schemes converge to the same solution. 
The last test problem is the two-dimensional simulation of the interaction of the magnetized 
solar wind with a Halley class comet. This problem was proposed by Gombosi in [7]. The results 
presented above have been extended to the two-dimensional case. We used the Powell modifica- 
tion of the MHD system proposed in [8] to satisfy in particular the divergence-free condition on 
the magnetic field. An interesting interpretation of the Powell source term introduced is given 
in [9]. It allowed us to extend our Roe matrix for the bi-temperature model in two dimensions. 
The model starts with a supersonic flow far upstream of the comet. The parameter values used 
in the calculation are summarized here: 
- radius of comet nucleus: Rn = 10 km, 
- solar wind Mach number: it& = 10, 
- magnetic field components: Bz, = Bz, = 3.41 nT, By, = 0, 
- sound speed in solar wind: a, = 371 km s-l, 
- mass density in the solar wind: poo = 1.34 x 10S2’ kgme3, 
- y = ‘ye = 513. 
Numerical results obtained with the first-order Roe scheme are shown in Figure 3. The steady- 
state solution is reached after 10000 time steps. One can see the shock separating the uniform 
upstream region and the disturbed one. Behind the shock, the plasma flow continues to decelerate, 
and stagnates in the near nucleus region. 
6. CONCLUSION 
This paper is devoted to the construction of a Roe matrix in the case of the MHD bi- 
temperature model. This result is based on the decomposition of the magnetic pressure jump 
proposed in [l] as well as a special decomposition of the electronic pressure jump. Furthermore, 
a Roe matrix for Euler equations bi-temperature model can be obtained as the magnetic field 
vanishes. Actually, such a matrix is given in [lo], under a different form so that the classical Bee 
averages do not appear. 
The numerical examples presented above, commonly used for one-dimensional MHD, shows off 
the accuracy and robustness of the Bee solver. The extension to second order is straightforward 
and improves accuracy. Besides, a Roe matrix is also obtained for a multispecies MHD model. 
The same results are available in Lagrangian coordinates, and a Roe matrix can also be set 
up, based on arithmetic averages [ll]. 
Moreover, an important point is that the results presented above have been extended to the two- 
dimensional case, thanks to the Powell modification of the MHD system [8] and the interpretation 
of the source term [9]. The results shown prove the capacity of the scheme to handle very complex 
flows. 
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